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Abstract
We study an initial boundary value problem on a ball for the heat-conductive
system of compressible Navier-Stokes-Fourier equations, in particular, a criterion
of breakdown of the classical solution. For smooth initial data away from vacuum,
it is proved that the classical solution which is spherically symmetric loses its
regularity in a finite time if and only if the density concentrates or vanishes or the
velocity becomes unbounded around the center. One possible situation is that a
vacuum ball appears around the center and the density may concentrate on the
boundary of the vacuum ball simultaneously.
1 Introduction and main results
We are concerned with the heat-conductive system of compressible Navier-Stokes-
Fourier equations which reads as

ρt +∇ · (ρU) = 0,
(ρU)t +∇ · (ρU ⊗ U) +∇P = µ△U + (µ+ λ)∇(∇ · U),
cV ((ρθ)t +∇ · (ρθU)) + P∇ · U = κ△θ +Ψ[∇U ],
(1.1)
where
Ψ[∇U ] = 2µ(D(U))2 + λ(∇ · U)2, D(U) =
∇U +∇U t
2
(1.2)
and t ≥ 0, x ∈ Ω ⊂ RN (N = 2, 3), ρ = ρ(t, x), U = U(t, x) and θ = θ(t, x) are the
density, fluid velocity and temperature respectively. P = P (ρ, θ) is the pressure given
by a state equation
P (ρ) = Rρθ. (1.3)
The shear viscosity µ , the bulk one λ and heat conductivity κ are constants satisfying
the physical hypothesis
µ, κ > 0, µ+
N
2
λ ≥ 0. (1.4)
The domain Ω is a bounded ball with a radius b, namely,
Ω = Bb = {x ∈ R
N ; |x| ≤ b <∞}. (1.5)
We study an initial boundary value problem for (1.1) with the initial condition
(ρ, U, θ)(0, x) = (ρ0, U0, θ0)(x), x ∈ Ω, (1.6)
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and the boundary condition
U = 0,
∂θ
∂n
= 0 x ∈ ∂Ω, ~n is outnormal vector. (1.7)
We are looking for the smooth spherically symmetric solution (ρ, U) of the problem
(1.1), (1.5),(1.6) which enjoys the form
ρ(t, x) = ρ(t, |x|), U(t, x) = u(t, |x|)
x
|x|
, θ(t, x) = θ(t, |x|). (1.8)
Then, for the initial data to be consistent with the form (1.7), we assume the initial
data (ρ0, U0) also takes the form
ρ0 = ρ0(|x|), U0 = u0(|x|)
x
|x|
, θ0 = θ0(|x|). (1.9)
In this paper, we further assume the initial density is uniformly positive, that is,
ρ0 = ρ0(|x|) ≥ ρ > 0, x ∈ Ω (1.10)
for a positive constant ρ.
Here, it is noted that since the assumption (1.7) implies
U(t, x) + U(t,−x) = 0, x ∈ Ω. (1.11)
We necessarily have U(t, 0) = 0 (also U0(0) = 0) as long as classical solutions are
concerned.
There are many results about the existence of local and global strong solutions in time
of the isentropic system of compressible Navier-Stokes equations when the initial density
is uniformly positive (refer to [1,9–11,19–21,24,25] and their generalization [15–17,23]
to the full system including the conservation law of energy). On the other hand, for
the initial density allowing vacuum, the local well-posedness of strong solutions of the
isentropic and heat-conductive system was established by Kim [12, 13]. For strong
solutions with spatial symmetries, the authors in [14] proved the global existence of
radially symmetric strong solutions of the isentropic system in an annular domain,
even allowing vacuum initially.
However, it still remains open whether there exist global strong solutions which are
spherically symmetric in a ball. The main difficulties lie on the lack of estimates of
the density and velocity near the center. In the case vacuum appears, it is worth
noting that Xin [26] established a blow-up result which shows that if the initial density
has a compact support, then any smooth solution to the Cauchy problem of the full
system of compressible Navier-Stokes equations without heat conduction blows up in a
finite time, see more generalization in [2], [27] .The same blowup phenomenon occurs
also for the isentropic system. Indeed, Zhang-Fang ( [28],Theorem 1.8) showed that
if (ρ, U) ∈ C1([0, T ];Hk) (k > 3) is a spherically symmetric solution to the Cauchy
problem with the compact supported initial density, then the upper limit of T must be
finite. To deal with large discontinuous data, Hoff [3] established global weak solutions
of the symmetric compressible heat-conductive flows. On the other hand, it’s unclear
whether the strong (classical) solutions lose their regularity in a finite time when the
initial density is uniformly away from vacuum. Therefore, it is important to study the
mechanism of possible blowup of smooth solutions, which is a main issue in this paper.
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In the spherical coordinates, the original system (1.1) under the assumption (1.8)
takes the form

ρt + (ρu)ξ = 0,
(ρu)t + (ρu
2)ξ + Pr = νuξr,
cV ((ρθ)t + (ρuθ)ξ) + Puξ = κθrξ + ν(uξ)
2 −
2(N − 1)µ
rN−1
(rN−2u2)r,
(1.12)
where
ν = 2µ+ λ,
∂
∂ξ
=
∂
∂r
+
N − 1
r
. (1.13)
Without lossing of generality, we assume cV = 1 and N = 3.
Now, we consider the following Lagrangian transformation:
t = t, h =
∫ r
0
ρ(t, s) s2ds, η = (ρr2)−1. (1.14)
Then, it follows from (1.12) that
ht = −
u
η
, rt = u, rh = η, (1.15)
and the system (1.12) can be further reduced to

(r2η)t = (r
2u)h, (⇐⇒ ηt = uh),
ut = r
2
(
−R
θ
r2η
+ ν
(
uh
rh
+
2
r
u
)
h
)
,(
ut +Rr
2
(
θ
r2η
)
h
= νr2
(
(r2u)h
r2η
)
h
)
θt = −Rθ
(r2u)h
r2η
+ νr2η
(
uh
rh
+
2u
r
)2
− 4µ(ru2)h + κ
(
r2θh
rh
)
h
= −Rθ
(r2u)h
r2η
+ λr2η
(
uh
rh
+
2
r
u
)2
+ 2µr2η
(
u2h
r2h
+
2u2
r2
)
+ κ
(
r2θh
rh
)
h
.
(1.16)
The initial boundary value problem for system (1.16)
(u, η, θ)(0, h) = (u0, η0, θ0), (η0 > 0, θ0 > 0),
u(t, 0) = u(t, 1) = 0, θh(t, 0) = θh(t, 1) = 0,
(1.17)
where t ≥ 0, h ∈ [0, 1] and
1 =
∫ b
0
ρ0(r) r
2dr =
∫ b
0
ρ(t, r) r2dr, (1.18)
according to the conservation of mass. Note that
r(t, 0) = 0, r(t, 1) = b. (1.19)
We denote E0 the initial energy
E0 =
∫ 1
0
{
u20
2
+R
(
r20η0 − log r
2
0η0 − 1
)
+ (θ0 − log θ0 − 1)
}
dh. (1.20)
Our main result is stated as follows.
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Theorem 1.1 Assume that the initial data (ρ0, U0, θ0) satisfy (1.8),(1.9),(1.10) and
(ρ0, U0, θ0) ∈ H
3(Ω). (1.21)
Let (ρ, U, θ) be a classical spherically symmetric solution to the initial boundary value
problem (1.1),(1.5),(1.6),(1.7) in [0, T ]×Ω, and T ∗ be the upper limit of T , that is, the
maximal time of existence of the classical solution. Then, if T ∗ <∞, it holds that
lim sup
(t,|x|)→(T ∗,0)
(
ρ(t, |x|) +
1
ρ
(t, |x|) + |U |(t, |x|)
)
=∞. (1.22)
Remark 1.1 The local existence of smooth solution with initial data as in Theorem
1.1 is classical and can be found, for example, in [13] and references therein. So the
maximal time T ∗ is well defined.
Remark 1.2 There are several results on the blowup criterion for strong and classical
solutions to the isentropic and heat-conductive system (1.1) (refer to [4–7, 22, 29] and
references therein). Especially, the authors in [7] established the following Serrin-type
blowup criterion:
lim sup
TրT ∗
(
‖ρ‖L∞(0,T ;L∞) + ‖U‖Lr(0,T ;Ls)
)
=∞, (1.23)
for any r ∈ [2,∞] and s ∈ (3,∞] satisfying
2
r
+
3
s
≤ 1. (1.24)
Theorem 1.1 asserts that the formation of singularity is only due to the concentration
or cavitation of the density and velocity around the center. More precisely, the density
anywhere away from the center is bounded up to the maximal time. Also recall that
U(t, 0) = 0, for all t < T ∗ (1.25)
as far as classical solution is concerned. It indicates the possible loss of regularity of
velocity at the center.
Remark 1.3 Theorem 1.1 may be viewed as an extension of recent work in [8]
where the authors established blowup criterion for baratropic spherically symmetric
Navier-Stokes equations.
2 Proof of Theorem 1.1
We only prove the case whenN = 3 since the case N = 2 is even simpler. Throughout
of this section, we assume that (ρ, U, θ) is a classical spherically symmetric solution with
the form (1.8) to the initial boundary value problem (1.1),(1.5),(1.6),(1.7) in [0, T ]×Ω,
and the maximal time T ∗, the upper limit of T , is finite, and we denote by C generic
positive constants only depending on the initial data and the maximal time T ∗.
By simple calculations, we have the following estimates.
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Lemma 2.1 It holds that, ∫ 1
0
ηdh =
∫ 1
0
η0dh, (2.1)∫ 1
0
r2ηdh =
∫ 1
0
(
r2η
)
0
dh =
b3
3
, (2.2)
∫ 1
0
(
1
2
u2 + θ
)
dh =
∫ 1
0
(
1
2
u20 + θ0
)
dh. (2.3)
Also, we have the following basic energy equality.
Lemma 2.2 It holds that
E(t) +
∫ t
0
V(τ)dτ = E(0), (2.4)
where
E(t) =
∫ 1
0
{
u2
2
+R
(
r2η − log r2η − 1
)
+ (θ − log θ − 1)
}
dh,
V(t) =
∫ 1
0
{
λr2η
θ
(
uh
rh
+
2
r
u
)2
+ 2
µr2η
θ
(
u2h
r2h
+
2u2
r2
)
+ κ
r2θ2h
rhθ2
}
dh
=
∫ 1
0
{
(λ+
2
3
µ)
r2η
θ
(
uh
rh
+
2
r
u
)2
+
µr2η
θ
(
uh
rh
−
u
r
)2
+ κ
r2θ2h
rhθ2
}
dh,
(2.5)
or equivalently,∫
Ω
ρSdx+
∫ t
0
∫
Ω
(
1
θ
Ψ[∇U ] + κ
|∇θ|2
θ2
)
dxds =
∫
Ω
ρ0S0dx, (2.6)
where
S = RΦ(ρ−1) + Φ(θ) +
1
2
|U |2, Φ(s) = s− log s− 1. (2.7)
In order to prove Theorem 1.1, we can show the following stronger characterization
of blowup criterion, that is,
lim sup
(t,h)→(T ∗−,0)
(
ρ(t, h) +
1
ρ
(t, h) + ‖U‖L2(t,T ∗;L∞(Bh))
)
=∞. (2.8)
We argue by contradiction. For original system (1.1), assume there exists a small
r1, ε > 0 and a constant C, such that
ρ(t, r) +
1
ρ
(t, r) + |U |(t, r) ≤ C, for (t, r) ∈ (T ∗ − ε, T ∗)× [0, r1]. (2.9)
Through the Lagrangian transformation (1.14), one immediately conclude that for sys-
tem (1.16), there exists a small constant h1 > 0, such that
ρ(t, h) +
1
ρ
(t, h) + |U |(t, h) ≤ C, for (t, h) ∈ (T ∗ − ε, T ∗)× [0, h1]. (2.10)
Denote
h0 =
1
2
h1. (2.11)
Recall blowup criterion (1.23) by taking r =∞, s = 2, it amounts to prove the following
Proposition.
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Proposition 2.3 For h0 =
1
2h1, there exists a constant C depending on h0 such that
ρ(T, h) + ‖U‖L2(0,T ;L∞(Bc
h
)) ≤ C(h0) for (T, h) ∈ (T
∗ − ε, T ∗)× [h0, 1]. (2.12)
To do that, we prepare the next lemma which gives a relationship between r and y.
Lemma 2.4 There exists a positive constant C independent of T and two strict in-
creasing function Θi : [0, 1]→ [0,∞) such that
r(t, h) ≥ CΘ1(h) (2.13)
and
b3 − r(t, h)3 ≥ CΘ2(h), (2.14)
for all 0 ≤ t < T ∗.
Proof. For s ≥ 0, set
G(s) = s log s− s+ 1. (2.15)
Obviously, G is a convex function in (0,∞). By Jensen’s inequality, one has
G
(∫
Br
ρdx
|Br|
)
≤
∫
Br
G(ρ)dx
|Br|
⇐⇒ G
(
C0h
r3
)
≤
C1
∫
ΩG(ρ)dx
r3
. (2.16)
Consequently, the uniform estimates for r(t, h) follows immediately from Entropy in-
equality (2.6) and (2.16). That is, given h > 0 there is a strict increasing function
Θ1(h) such that
r(t, h) ≥ Θ1(h) Θ1(0) = 0 and Θ1(h) > 0 for h > 0. (2.17)
By a similar step, one can conclude (2.14) by the following Jesen’s inequality
G
(∫
Bcr
ρdx
|Bcr|
)
≤
∫
Bcr
G(ρ)dx
|Bcr|
. (2.18)
We are now in a position to establish the pointwise estimates of the density away
from the center. To do that, we first write the density in the following form. One may
refer to [18] for a similar representation in one-dimensional case.
Lemma 2.5
r2η(t, h) =
1
B(t, h)Y(t, h)
(
(r2η)0(h) +
∫ t
0
R
ν
B(τ, h)Y(τ, h)θ(τ, h)dτ
)
. (2.19)
Here
B(t, h) = exp
1
ν
{∫ h
h0
u0
r20
dξ −
∫ h
h0
u
r2
dξ −
(∫ 1
h0
r2ηdh
)−1
×
(∫ 1
h0
(r2η)0
∫ h
h0
u0
r20
dξdh−
∫ 1
h0
(r2η)
∫ h
h0
u
r2
dξdh+ ν
∫ 1
h0
(r2η)dh− ν
∫ 1
h0
(r2η)0dh
)}
(2.20)
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and
Y(t, h) = exp
{
1
ν
∫ t
0
{
−
∫ h
h0
2u2
r3
dξ +
(∫ 1
h0
r2ηdh
)−1
×
{∫ 1
h0
(
u2 +Rθ + r2η
∫ h
h0
2u2
r3
dξ
)
dh+
(∫ h0
0
(r2u)hdh
)(∫ τ
0
σ(s, h0)ds
)}}
dτ
}
,
(2.21)
where
σ(t, h) = −R
θ
r2η
+ ν
(r2η)t
r2η
. (2.22)
Proof. In view of (1.16), it holds
1
r2
ut =
(
−R
θ
r2η
+ ν
(r2η)t
r2η
)
h
, (σ(t, h))h. (2.23)
Thus, for h > h0 > 0, integrating (2.23) over (h0, h), we deduce that(∫ h
h0
u
r2
dξ
)
t
+
∫ h
h0
2u2
r3
dξ = σ(t, h)− σ(t, h0). (2.24)
Multiplying r
2η
ν on both sides of (2.24) yields
r2η
ν
{(∫ h
h0
u
r2
dξ
)
t
+
∫ h
h0
2u2
r3
dξ + σ(t, h0)
}
= −
R
ν
θ + (r2η)t, (2.25)
which is
(r2η)t −
1
ν
{(∫ h
h0
u
r2
dξ
)
t
+
∫ h
h0
2u2
r3
dξ + σ(t, h0)
}
(r2η) =
R
ν
θ. (2.26)
Denoted by
A(t, h) = −
1
ν
{(∫ h
h0
u
r2
dξ
)
t
+
∫ h
h0
2u2
r3
dξ + σ(t, h0)
}
. (2.27)
In view of (2.26) and (2.27), one has
(r2η)(t, h) = exp
(
−
∫ t
0
Adτ
)
·
{
(r2η)0(h) +
∫ t
0
exp
(∫ τ
0
Ads
)
·
R
ν
θdτ
}
. (2.28)
On the other hand, recall (2.23)-(2.24)
σ(t, h0) = −
(∫ h
h0
u
r2
dξ
)
t
−
∫ h
h0
2u2
r3
dξ −R
θ
r2η
+ ν
(r2η)t
r2η
. (2.29)
Multiplying r2η on both sides of (2.29), the first term becomes
−(r2η)
(∫ h
h0
u
r2
dξ
)
t
= −
{
(r2η)
∫ h
h0
u
r2
dξ
}
t
+ (r2η)t
∫ h
h0
u
r2
dξ
= −
{
(r2η)
∫ h
h0
u
r2
dξ
}
t
+
{
(r2u)
∫ h
h0
u
r2
dξ
}
h
− (r2u)
u
r2
.
(2.30)
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Integrating (2.29) on [h0, 1]× [0, t] and taking into account the boundary conditions
(1.17) yields
∫ t
0
∫ 1
h0
r2ησ(τ, h0)dhdτ =−
∫ t
0
∫ 1
h0
{
(r2η)
∫ h
h0
u
r2
dξ
}
t
dhdτ +
∫ t
0
∫ 1
h0
{
(r2u)
∫ h
h0
u
r2
dξ
}
h
dhdτ
−
∫ t
0
∫ 1
h0
{
u2 +Rθ + (r2η)
∫ h
h0
2u2
r3
dξ
}
dhdτ
+ ν
∫ t
0
∫ 1
h0
(r2u)hdhdτ.
(2.31)
Therefore,
∫ t
0
∫ 1
h0
r2ησ(τ, h0)dhdτ =
∫ 1
h0
(
(r2η)0 ·
∫ h
h0
u0
r20
dξ
)
dh−
∫ 1
h0
(
(r2η) ·
∫ h
h0
u
r2
dξ
)
dh
−
∫ t
0
∫ 1
h0
{
u2 +Rθ + (r2η)
∫ h
h0
2u2
r3
dξ
}
dhdτ
+ ν
∫ 1
h0
(r2η)dh − ν
∫ 1
h0
(r2η)0dh.
(2.32)
In view of boundary condition and (1.16)1 ,the l,h.s of (2.32) can be written as∫ t
0
(∫ 1
h0
r2ηdh
)(∫ τ
0
σ(s, h0)ds
)′
dτ
=
(∫ 1
h0
r2ηdh
)(∫ t
0
σ(τ, h0)dτ
)
−
∫ t
0
(∫ 1
h0
(r2η)tdh
)(∫ τ
0
σ(s, h0)ds
)
dτ
=
(∫ 1
h0
r2ηdh
)(∫ t
0
σ(τ, h0)dτ
)
+
∫ t
0
(∫ h0
0
(r2u)hdh
)(∫ τ
0
σ(s, h0)ds
)
dτ.
(2.33)
Collecting (2.28)-(2.33), the proof of Lemma 2.5 is completed.
We immediately have the following corollary
Corollary 2.6 Given 0 < h0 < 1, for h0 ≤ h ≤ 1, there exists a constant C depending
on h0 such that
C−1(h0) ≤ B(t, h),Y(t, h) ≤ C(h0), (2.34)
and
C−1(h0) exp{C
−1(h0)(t− τ)} ≤
Y(t, h)
Y(τ, h)
≤ C(h0) exp{C(h0)(t− τ)}, 0 ≤ τ < t.
(2.35)
Proof. First, ∫ 1
h0
r2ηdh =
∫ 1
h0
1
ρ
dh =
∫ b
r(h0)
r2dr =
b3 − r(h0)
3
3
. (2.36)
In view of (2.14), one gets
0 < CΘ2(h0) ≤
∫ 1
h0
r2ηdh ≤ b3. (2.37)
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Similarly,
0 ≤
∫ 1
h0
u2
r3
dξ =
∫ b
r(h0)
ρu2r2
r3
dr ≤ Cr(h0)
−3 ≤ CΘ1(h0)
−3. (2.38)
|
∫ 1
h0
u
r2
dh| ≤ min
h≥h0
r(t, h)−2
∫ 1
h0
|u|dh ≤ CΘ1(h0)
−2
(∫ 1
0
u2dh
)1/2
(1− h0)
1/2
≤ CΘ1(h0)
−2.
(2.39)
Also, one can verify ∫ 1
h0
r2η
∫ h
h0
2u2
r3
dξdh (2.40)
is bounded.
Observing that
∫ 1
h0
r2η
∫ h
h0
2u2
r3
dξdh =
∫ 1
h0
{(
r3
3
∫ h
h0
2u2
r3
dξ
)
h
−
r3
3
2u2
r3
}
dh
=
b3
3
∫ 1
h0
2u2
r3
dξ −
∫ 1
h0
2u2
3
dh
(2.41)
is bounded from below and above by a constant C(h0).
To finish the proof, it suffices to bound∫ t
0
σ(τ, h0)dτ. (2.42)
Recall that the r.h.s of (2.32) is bounded by some constant C(h0) and (2.33), one has
|
∫ t
0
σ(τ, h0)dτ | ≤ C(h0) + C(h0)
∫ t
0
(
|
∫ h0
0
(r2u)hdh|
)(
|
∫ τ
0
σ(s, h0)ds|
)
dτ.
(2.43)
On the other hand, with the help of (2.10) yields that
∫ h0
0
(r2u)hdh =
∫ h0
0
(r3
u
r
)hdh
=
∫ h0
0
3rηudh +
∫ h0
0
r3
(u
r
)
h
dh
≤ C max
0≤h≤h0
|r2η|
1
2
(∫ h0
0
ηdh
) 1
2
(∫ h0
0
u2dh
) 1
2
+
(∫ h0
0
r4
ηθ
(u
r
)2
h
) 1
2
(∫ h0
0
r2ηθdh
) 1
2
≤ C(h0) + C(h0)
(∫ h0
0
r4
ηθ
(u
r
)2
h
) 1
2
= C(h0) + C(h0)
(∫ h0
0
r2η
θ
(
uh
rh
−
u
r
)2) 12
≤ C(h0) + C(h0)V(t)
1
2 ,
(2.44)
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where we used energy inequality, (2.1), (2.3) and (2.46) in the next Lemma 2.7.
Consequently, the desired bound for σ(τ, h0) follows immediately from Gronwall’s
inequality and (2.43)-(2.44).
Thus finishes the proof of Corollary 2.6.
Hence, substituting (2.20) and (2.21) into (2.19), we finally arrive at
Lemma 2.7
C−1(h0) ≤ ρ(t, h) ≤ C(h0), 0 < h0 ≤ h, (2.45)
C−1 ≤
∫ 1
0
θdh ≤ C, (2.46)
and ∫ t
0
max
h∈[h0,1]
u2(τ, h)dτ ≤ C(h0). (2.47)
Remark 2.1 Theorem 1.1 follows immediately from Lemma 2.7.
Proof. The right-hand side of (2.45) is a direct consequence of the fact that θ > 0,
(2.19) and (2.34). It remains to show the upper bound of r2η = 1ρ .
Step 1. Multiplying 1θ on both sides of (1.16)3 yield
(log θ)t = −R
(
log(r2η)
)
t
+ (λ+
2
3
µ)
r2η
θ
(
uh
rh
+
2
r
u
)2
+
µr2η
θ
(
uh
rh
−
u
r
)2
+ κ
(
1
θ
·
r2θh
rh
)
h
+ κ
θh
θ2
·
r2θh
rh
.
(2.48)
Integrating (2.48) over [0, 1] × [0, t] and recall (1.4), (1.17) to obtain
{∫ 1
0
log θdh−
∫ 1
0
log θ0dh
}
≤ −R
{∫ 1
0
log(r2η)dh −
∫ 1
0
log(r2η)0dh
}
. (2.49)
Applying Jesen’s inequality to (2.49) and (2.2) to arrive
log
∫ 1
0
θdh ≥
∫ 1
0
log θdh
≥
∫ 1
0
log θ0dh−R
∫ 1
0
log(r2η)dh+R
∫ 1
0
log(r2η)0dh
≥
∫ 1
0
{
log θ0 +R log(r
2η)0
}
dh−R log
∫ 1
0
r2ηdh
= C1,
(2.50)
which gives the desired bound for
∫ 1
0 θdh.
Step 2. Applying the mean value theorem to continuous function θ(t, h) to get
∀t > 0, ∃h(t) ∈ [h0, 1], s.t θ(t, h(t)) =
∫ 1
h0
θ(t, h)dh
1− h0
. (2.51)
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Therefore, for h ≥ h0
θ(t, h)
1
2 = θ(t, h(t))
1
2 +
∫ h
h(t)
θh
2θ(t, ξ)
1
2
dξ
≤ C(1− h0)
−1(
∫ 1
0
θdh)
1
2 +
(∫ 1
h0
θdξ
) 1
2
(∫ 1
h0
θ2h
4θ2
dξ
) 1
2
≤ C
{
1 + max
h∈[h0,1]
r2η(t, h)
∫ 1
h0
θ2h
r2ηθ2
dξ
} 1
2
≤ C(h0)
{
1 + max
h∈[h0,1]
r2η(t, h) · V(t)
} 1
2 .
(2.52)
Consequently,
θ(t, h) ≤ C(h0)
{
1 + max
h∈[h0,1]
r2η(t, h) · V(t)
}
, h0 ≤ h ≤ 1. (2.53)
Step 3. Observing that
r2η(t, h) =
1
B(t, h)Y(t, h)
(
(r2η)0(h) +
∫ t
0
R
ν
B(τ, h)Y(τ, h)θ(τ, h)dτ
)
≤
1
B(t, h)Y(t, h)
(r2η)0(h)
+ C
∫ t
0
B(τ, h)
B(t, h)
·
Y(τ, h)
Y(t, h)
{
1 + max
h∈[h0,1]
r2η(t, h) · V(t)
}
.
(2.54)
Hence,
max
h∈[h0,1]
r2η(t, h) ≤ C + C
∫ t
0
exp{−α(t− τ)}
{
1 + max
h∈[h0,1]
r2η(τ, h) · V(τ)
}
dτ
≤ C + C
∫ t
0
exp{−α(t− τ)} max
h∈[h0,1]
r2η(τ, h) · V(τ)dτ.
(2.55)
Write
E(t) =
∫ t
0
exp{−α(t− τ)} max
h∈[h0,1]
r2η(τ, h) · V(τ)dτ. (2.56)
One immediately has
Et ≤ max
h∈[h0,1]
r2η(t, h) · V(t) ≤ (C + CE)V(t)− αE,
Et + (α− CV(t))E ≤ CV(t),
(2.57)
Applying Gronwall’s inequality to (2.57) yields
E ≤ C exp
{
−
∫ t
0
α− CV(τ)dτ
}
× C
∫ t
0
exp
{∫ τ
0
α− CV(s)ds
}
V(τ)dτ. (2.58)
The upper bound of r2η follows from (2.55) and (2.58).
Step 4. It suffices to establish a bound for the velocity. Indeed,
(u
r
)2
(h) ≤
{∫ h
h0
|
(u
r
)
h
|
}2
≤
∫ h
h0
r4
θrh
(u
r
)2
h
dh ·
∫ h
h0
θrh
r4
dh
≤ C(h0)
∫ 1
h0
r2η
θ
(
uh
rh
−
u
r
)2
dh.
(2.59)
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That is
max
h∈[h0,1]
(u
r
)2
(h) ≤ C(h0)V(t) ∈ L
1(0, T ). (2.60)
To conclude, (2.47) is a direct consequence of (2.60).
This finishes the proof of Lemma 2.7.
Acknowledgement. The author would like to express his great thanks to Professor
Matsumura for his helpful suggestion and discussion. This research is partially sup-
ported by Grant-in-Aid for JSPS Fellows 23-01320 and NSFC 11101392. The author
would like to thank the anonymous referees to give several valuable suggestions, which
improve our paper.
References
[1] H. Beira da Veiga, Long time behavior for one-dimensional motion of a general
barotropic viscous fluid. Arch. Rational Mech. Anal. 108(1989), 141-160.
[2] Bum. J.J, Y. Cho, Blow-up of viscous heat-conducting compressible flows. J. Math.
Anal. Appl. 320(2006), 819-826.
[3] Hoff. D, Jenssen. H, Symmetric Nonbaratropic Flows with Large Data and Forces
Arch. Ration. Mech. Anal. 173(2004), 297-343.
[4] Huang, X. D., Li, J., Xin, Z. P.: Blowup criterion for viscous barotropic flows with
vacuum states. Comm. Math. Phys. 301(2011), 23-35
[5] Huang, X. D., Li, J., Xin, Z. P.: Serrin type criterion for the three-dimensional
viscous compressible flows. Siam J. Math. Anal. 43(2011), 1872-1886
[6] Huang, X. D., Xin, Z. P.: A Blow-Up Criterion for Classical Solutions to the
Compressible Navier-Stokes Equations, Sci. in China. 53(3)(2010), 671-686
[7] Huang, X. D., Li, J.: Serrin-Type Blowup Criterion for Viscous, Compressible, and
Heat Conducting Navier-Stokes and Magnetohydrodynamic Flows, Comm. Math.
Phys.(DOI) 10.1007/s00220-013-1791-1.
[8] Huang, X. D., Matsumura, A.: A characterization on break-down of smooth spher-
ically symmetric solutions of the isentropic system of compressible Navier-Stokes
equations, submitted.
[9] N. Itaya, On the Cauchy problem for the system of fundamental equations de-
scribing the movement of compressible viscous fluids,Kodai Math. Sem. Rep. 23
(1971), 60-120.
[10] A.V. Kazhikhov., V.A. Vaigant. On existence of global solutions to the two-
dimensional Navier-Stokes equations for a compressible viscous fluid. Sib. Math.
J. 36 (1995), no.6, 1283-1316.
[11] A.V. Kazhikhov, Stabilization of solutions of an initial-boundary-value problem
for the equations of motion of a barotropic viscous fluid. Differ. Equ. 15(1979),
463-467.
12
[12] Y. Cho, H. Kim, On classical solutions of the compressible Navier-Stokes equations
with nonnegative initial densities. Manuscript Math. 120 (2006), 91-129.
[13] Y. Cho, H. Kim, Existence results for viscous polytropic fluids with vacuum. J.
Differential Equations. 228(2006), 377-411.
[14] H.J, Choe, H. Kim, Global existence of the radially symmetric solutions of the
Navier-Stokes equations for the isentropic compressible fluids. Math. Meth. Appl.
Sci. 28(2005), 1-18.
[15] A. Matsumura, T. Nishida, The initial value problem for the equations of motion
of compressible and heat-conductive fluids, Proc. Japan Acad. Ser. A Math. Sci.
55 (1979), 337-342.
[16] A. Matsumura, T. Nishida, The initial value problem for the equations of motion
of viscous and heat-conductive gases, J. Math. Kyoto Univ. 20 (1980),67-104.
[17] A. Matsumura, T. Nishida, The initial boundary value problems for the equations
of motion of compressible and heat-conductive fluids, Comm. Math. Phys. 89
(1983), 445-464.
[18] T. Nagasawa, On the one-dimensional motion of the polytropic ideal gas nonfixed
on the boundary, J. Differential Equations 65 65 (1986), no. 1, 49-67.
[19] J. Nash, Le probleme de Cauchy pour les equations differentielles dn fluide general,
Bull. Soc. Math. France 90 (1962), 487-497.
[20] R. Salvi, I. Straskraba, Global existence for viscous compressible fluids and their
behavior as t→∞. J. Fac. Sci. Univ. Tokyo Sect. IA, Math. 40 (1993), 17-51.
[21] V.A. Solonnikov, Solvability of the initial boundary value problem for the equation
of a viscous compressible fluid, J. Sov. Math. 14 (1980), 1120-1133.
[22] Sun, Y. Z., Wang, C., Zhang, Z. F.: A Beale-Kato-Majda criterion for three di-
mensional compressible viscous heat-conductive flows. Arch. Ration. Mech. Anal.,
201(2011), no. 2, 727-742.
[23] A. Tani, On the first initial-boundary value problem of compressible viscous fluid
motion, Publ. Res. Inst. Math. Sci. Kyoto Univ. 13 (1971), 193-253.
[24] A. Valli, An existence theorem for compressible viscous fluids, Ann. Mat. Pura
Appl. (IV) 130 (1982), 197-213;
[25] A. Valli, Periodic and stationary solutions for compressible Navier-Stokes equations
via a stability method, Ann. Scuola Norm. Sup. Pisa Cl. Sci. 10 (1983), 607-647.
[26] Xin. Z.P, Blowup of smooth solutions to the compressible Navier-Stokes equation
with compact density. Comm. Pure Appl. Math. 51 (1998), 229-240.
[27] Xin. Z.P, Yan. W, On blowup of classical solutions to the com-
pressible Navier-Stokes equations. To appear in Comm. Math. Phys.
http://arxiv.org/abs/1204.3169.
[28] Zhang, T; Fang D. Compressible flows with a density-dependent viscosity coeffi-
cient. SIAM J. Math. Analysis. 41 (2009), no.6, 2453-2488.
13
[29] Zhang, T, Zi R.Z; Fang D. A blow-up criterion for two dimensional compressible
viscous heat-conductive flows.Nonlinear Analysis: Theory, Methods and Applica-
tions 75(2012) No. 6, 3130-3141.
Xiangdi Huang
Academy of Mathematics and System Sciences
Chinese Academy of Sciences
Beijing 100190, P. R. China
Department of Pure and Applied Mathematics
Graduate School of information Science and Technology
Osaka University
Toyonaka, Osaka 560-0043
Japan
e-mail: xdhuang@amss.ac.cn
14
